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3.1 =E&EEHIEE

& (R,P,X): R=HEE P = BEMANKE (8 R 204 X = REBTERH (B
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1 expand(R, P, X):
: if P and X both empty: report R as maximal clique
choose pivot u in P|X maximizing |N(u) & P|
| for each v in P \ N(u): // REM pivot EREN
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-std=c++17 -02 -Wall -Wextra -o independent_set_clique
independent_set_clique.cpp

tndependent_set_clique.cpp

Independent Set Bl Clique : —FE M E M NP-Complete [HRE
1. RARABILE  MTHWE (n<=20 HEW) + P XHH
2. \x KE : Bron— Kerbosch (& pivot)
3. N — BB IS(G) = Clique(filB G¢') = n - VC(G)

Compile: g++ —-std=c++17 -02 -Wall -Wextra -o independenti_set_clique
tndependent_set_clique.cpp

10 #include <iostream>
11 #include <vector>
12 #include <algorithm>

14 using namespace std;

16| //

#MEELL bitmask T adjlv] ME v L = 1 KRR u,v HHE (n <= 30)

17 struct Graph {

32| };

34| //

int n;
vector<unsigned> adj;
Graph(int n_) : n(n_), adj(n_, 0) {}
void addEdge (int u, int v) {
adjl[ul] = 1u << v;
adj[v] I= 1u << u;
}
Graph complement () const {
Graph g(n);
unsigned full = (n == 32) ? ~O0u : ((lu << n) - 1);
for (int v = 0; v < n; ++v)
g.adjlv] = full & ~adjlv] & ~(lu << v); // E#EBE
return g;

—————————— fo. BABIE: HEFBFE (02 n WA ———mmmmmv

35 pair<int, unsigned> maxISBrute(const Graph& g) {

int best = 0;
unsigned bestSet = 0;
for (unsigned s = 0; s < (lu << g.n); ++s) {
bool ok = true;
for (int v = 0; v < g.n && ok; ++v)
if ((s >> v) & 1)

if (g.adjlv] & s) ok = false; // v
HELESEER
if (ok && __builtin_popcount(s) > best) {
best = __builtin_popcount(s);

bestSet = s;
}
}
return {best, bestSet};
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/) mmmmmmmm 1. RABIK: AXHN ----------
// OXHBA —EEHZARKHE v > T8 v (EFEBREM v) HE v (fHl v
FMHEE)
class MaxISBranch {
const Graphé& g;
public:
long long nodes = O0;
MaxISBranch(const Graph& g_) : g(g_) {}
pair<int, unsigned> solve() {
nodes = 0;
unsigned full = (g.n == 32) 7 ~O0u : ((lu << g.n) - 1);
return dfs(full);
}
private:
pair<int, unsigned> dfs(unsigned remain) {
++nodes;
if ('remain) return {0, 0};
// K remain HE B HF KA B
int best = -1, bestDeg = -1;
for (int v = 0; v < g.n; ++v)
if ((remain >> v) & 1) {
int d = __builtin_popcount(g.adj[v] & remain);
if (d > bestDeg) { bestDeg = d; best = v; }
+
if (bestDeg == 0) { // FTHZ 2 E
return {__builtin_popcount(remain), remain};
}
// A 1 RNiE best
auto [cl, s1] = dfs(remain & ~(lu << best));
// DX 20 F best (MIE vest FMEHF)
auto [c2, s2] = dfs(remain & ~(lu << best) & ~g.adjlbest]);
++c2;
s2 |= 1u << best;
return cl >= c2 ? make_pair(cl, sl1) : make_pair(c2, s2);
}
e
/) ————————- 2. ®x KE : Bron — Kerbosch with pivot ----------

class BronKerbosch {
const Graph& g;
public:
int best = 0;
unsigned bestClique = O0;
long long calls = O0;
BronKerbosch(const Graph& g_) : g(g_) {}

void run() {
best = 0; bestClique = 0; calls = 0;
unsigned full = (g.n == 32) 7 ~O0u : ((lu << g.n) - 1);
expand (0, full, 0);
}
private:
// R =BRIWNE, P=-BEMANEE, x-SEEA (BEER)
void expand(unsigned R, unsigned P, unsigned X) {
++calls;
if ('P && 'X) { // R i KE
if (__builtin_popcount(R) > best) {
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best =
bestClique = R;
}
return;

}
// pivot : ¢

unsigned PX = P | X;
int pivot = -1, bestCover
for (int v = 0; v < g.n;

if ((PX >> v) & 1) {
__builtin_popcount(g.adjlv] & P);
bestCover) { bestCover = c;

int ¢ =
if (¢ >
}
unsigned cand =
for (int v = 0; v < g.n;
if ((cand >> v) & 1)
expand (R |
P &= ~(1lu << v);
X |= 1u << v;

};

static void printSet(unsigned s,
cout << "{";
bool first = true;
for (int v = 0; v < n;
if ((s >> v) & 1) {
cout << (first 7 ""
first = false;

++v)

}

cout <<

Il}ll;

main () {

/) ---- & 1:c5 B (IS=2,
cout << Example 1:
Graph c¢5(5);

int

__builtin_popcount (R);

Plx h#EHRZH v REM P\ NV(uw

= —1;
++v)

v;

pivot =

P & ~g.adjlpivot];

++v)

{

(lu << v), P & g.adjlv], X & g.adjlv]);

int n) {

II,II) << V;

Clique=2)

cycle C5 ===\n";

for (int i = 0; i < 5; ++i) c5.addEdge(i, (i + 1) % 5);
auto [isl, s1] = maxISBrute(c5);

cout << "max independent set = " << isl << " "
printSet(sl, 5);

BronKerbosch bkl (ch);

bkil.run();

cout << "\nmax clique = " << bkl.best << " ",

printSet (bkl.bestClique, 5);

cout << "\n\n";

// —--- #if 2: = —8 IS(G) = Clique(G') = n - VC(G) ----
cout << "=== Example 2: trinity on Petersen graph ===\n";

Graph pet (10);
int petE[][2] =

{{0,1},{1,2},{2,3},{3,4},{4,03%},

{5,7}’{7,9}){9,6}){6,8}){8,5})
{0,5},{1,6},{2,7},{3,8},{4,9}};

for (auto& e
auto [isP, setP] =
Graph petComp =

petE) pet.addEdge(e[0], el[1]);
maxISBrute (pet) ;
pet.complement () ;

/7

IR ERAAZEH BREXSZE

BronKerbosch bkC(petComp) ;
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166 bkC.run() ;

167 cout << "max IS in G " << igP < "y

168 printSet (setP, 10);

169 cout << "\nmax clique in G' = " << bkC.best << " ";

170 printSet (bkC.bestClique, 10);

171 cout << "\nn - maxIS = 10 - " <K< igP << " = " << 10 - isP

172 << " (= minimum vertex cover size)\n\n";

173

174 /- EHl 3 HXER vs BHHE —---

175 cout << "=== Example 3: branch-and-prune vs brute force (n=20) ===\n";

176 Graph g20(20);

177 // R TE VR 1R BE

178 unsigned seed = 123456789;
179 auto nextRand = [&seed] () {

180 seed = seed * 1103515245 + 12345;

181 return (seed >> 16) & Ox7fff;

182 };

183 int edges = O;

184 for (int u = 0; u < 20; ++u)

185 for (int v = u + 1; v < 20; ++v)

186 if (nextRand() % 100 < 25) { /) BEE 25
187 g20.addEdge (u, v);

188 ++edges;

189 }

190 auto [isB, setB] = maxISBrute(g20);

191 MaxISBranch mb(g20);

192 auto [isBr, setBr] = mb.solve();
193 cout << "n=20, |E|=" << edges <<
194 cout << "brute force maxIS="

subsets)\n";

ll\nll ;

<< isB << " (2720 = 1,048,576

195 cout << "branch+prune maxIS=" << isBr << " (nodes=" << mb.nodes <<
")\n";

196 cout << '"agree = " << (isB == isBr 7 "yes" "NO!") << "\n\n";

197 (void)setB; (void)setBr;

198

199 /- Ef 4 HERERABE —HREMERFNEREE -

200 cout << "=== Example 4: find the largest group of mutual friends
===\n";

201 // 8 N i = HMHEBH
202 Graph soc(8);

203 int socE[][2] = {{0,1},{0,2},{1,2},{2,3},{0,3},{1,3%},

2HE = K

// 0,1,2,3

204 {3,4},{4,5}’{5,6}’{637},{4’6}};

205 for (auto& e
206 BronKerbosch bkS(soc);

207 bkS.run () ;

208 cout << "max clique size = "
209 printSet (bkS.bestClique, 8);
210 cout << "

211 return O;

212 }

<< bkS.best << "

socE) soc.addEdge(el[0], e[11);

members ";

(BK calls=" << bkS.calls << ")\n";

F23(%8 1: independent set clique.cpp — B EHRE KETEBEE

5 BITAREMEE

=== Example 1: cycle C5 ===
max independent set = 2 {0,2}
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max clique = 2 {0,1}

=== Example 2: trinity on Petersen graph ===

max IS in G 4 {2,4,5,6%}

max clique in G' 4 {0,2,8,9%}

n - maxIS = 10 - 4 = 6 (= minimum vertex cover size)

=== Example 3: branch-and-prune vs brute force (n=20) ===
n=20, |E|=43

brute force : maxIS=8 (2720 = 1,048,576 subsets)
branch+prune : maxIS=8 (nodes=339)
agree = yes

=== Example 4: find the largest group of mutual friends ===
max clique size = 4 members {0,1,2,3} (BK calls=12)

e
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