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2 F¥5#EfE - Held-Karp {ijt DP

2.1 AREEREET (L—BRIEEHR)
Hamiltonian ¥|FERHM » SEMHE - IEHMRRERE

dplS]v] = HER0 3 ~ MIFEBESS « BEiEy NREEE
g - dp[{0}][0] =0 ¥ :
dp[S U {u}][u] = min(dp[S U {u}][u], dp[S][v] + d(v,u))

ZE  min,z dp[RE&]v] +d(v,0) o B O(2"n?) ~ A O(2™n) °

2.2 RIS
n  HEHRBRE 2'n? DP ERIIEE (double)
15 7.4 x 109 4 MB
20 4.2 x 108 168 MB
25 2.1 x 1010 6.7 GB
30 9.7 x 1011 258 GB

n~ 22 ERAEBEMAIERIER - B »! M2 (n = 20 BF 24 x 101®) B2 XEZA - MA
O(2" poly) ZESh2—#% TSP MR ERBHEERE—-60 R AFTH -

3 B — : &iE#B (Nearest Neighbor)

WG > SPENRENARFET - HELEER - O0*) ZTER - mE : FHUREE
10-25% » IBEATE O(logn) F—EBE ERZRIET ) BISERERSENREYE -

BRI

BRIEHR 1 : S#EZL
7453 Example 3) ©

SEE T E—RERN n BIELYT - O(n®) BREE 5% £FH (B#

4 EEEXZ : 2-opt BEfEFE
4.1 #ZUENME : hmig - REER
& d(a,c) +d(b,e) < d(a,b)+d(c,e) » B tour FH (a,b) 5 (c,e) F¥E - PRRE—EH 28

F—EXX :

ER = REENNE

a e (BRI EERE TR N LA )

RERHEAE (i,j) BERREEINE (RBRE) - & O(n®) - BEREUEL - NN EH + 2-opt
HEZ MAERT  HREA Ec6%  BANERREMEEESPRE (REBTER) -
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B1E L& 3-opt ~ LinKernighan (LKH) —LKH £ +EHT&AEF LERE 1% UK - 2
BB xiEe TSP M - BERE : TEl T4F £ REBERE) NEBHE -

5 FEHB 4 WH
TEEEFERE () © dop = 10, doe = 15,doz = 20,d1o = 35,d13 = 25, doz = 30 °
FrEEERE (4-1)/2 =3 EAERE :
0-1—-2—3—0: 104+35+30+20=95; 0—-1—-3—2—0: 10+ 25+ 30+ 15 = 80;

0—52—-1-33—-0: 15+ 35+ 25+ 20 = 95.
=B 80 NN £ 0 % : &2 1 (10) » 1 IsiEARehE 3 (25) » B2 (30) » @ 0 (15) —1&

FE 80 - NN R4 ZIEFFIE » Example 2 FiRH o
6 TE C++ R

% : Held Karp (& tour BJR) ~ NN~ ZiEZh NN ~ 2-opt ~ BEMENREGEAS ~ HREMN
gap st ~ FARAEE R - 4Ra= -

g++ -std=c++17 -02 -Wall -Wextra -o tsp tsp.cpp

1 // tsp.cpp

2 [ e
s // TSP (HRITHEE M &)

1

4 // 1. Held—Karp fUJT DP: #5%EfR 0(2n- n2) BEEERIR
s // 2. L EIE X (Nearest Neighbor) : 0(n~2) RIEEHE

6 // 3. 2-opt REPEE: REFMEBER > KE w NE

7| //

s| // Compile: g++ -std=c++17 -02 -Wall -Wextra -o tsp tsp.cpp

10 #include <iostream>
11 #include <vector>

12 #include <algorithm>
13 #include <cmath>

14 #include <random>

15 #include <chrono>

16 #include <iomanip>

18 using namespace std;
20 using Matrix = vector<vector<double>>;
2| /) —————————- 1. Held — Karp ----------

23 // dp[S][v] = W™ 0 H¥E - MFEBES s> HEE v WNREER
24 pair<double, vector<int>> heldKarp(const Matrix& d) {

25 int n = (int)d.size();

26 const double INF = 1e18;

27 vector<vector<double>> dp(l << n, vector<double>(n, INF));

28 vector<vector<int>> par(l << n, vector<int>(n, -1));

20 dp[1]1[0] = 0; // oo
30 for (int S = 1; S < (1 << n); ++8) {

31 if (!(S & 1)) continue; // BB o
32 for (int v = 0; v < n; ++v) {
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if (dp[8][v] >= INF) continue;
for (int u = 0; u < n; ++u) {
if (S & (1 << u)) continue;
int 82 = S | (1 << w);
double nd = dp[S][v] + dlv][ul;
if (nd < dp[S2][ul) {
dp[S2] [u] = nd;
par[S2] [u]l = v;

}
int full = (1 << n) - 1;
double best = INF;
int last = -1;
for (int v = 1; v < n; ++v) // BEE o R
if (dp[full]([v] + d[v][0] < best) {
best = dp[fulll[v] + d[v][0];

last = v;
}
vector<int> tour; // BIR
int S = full, v = last;
while (v != -1) {

tour.push_back(v);
int p = par[S][v];
S &= ~(1 << v);

vV = p;
}
reverse (tour.begin(), tour.end()); // 0 ... last
tour.push_back (0) ; // &

return {best, tourl};

---------- 2. BEMHBER —----mm-

pair<double, vector<int>> nearestNeighbor(const Matrix& d, int start = 0)

{
int n = (int)d.size();
vector<bool> used(n, false);
vector<int> tour = {start};
used[start] = true;
double len = O0;
for (int step = 1; step < n; ++step) {
int cur = tour.back(), next = -1;
for (int v = 0; v < n; ++v)
if (lused[v] && (next == -1 || dlcur][v] < d[cur][next]))
next = v;
used [next] = true;
len += d[cur][next];
tour.push_back(next);
}
len += d[tour.back()][start];
tour.push_back(start) ;
return {len, tour};

---------- 3. 2-opt RBET -

// R (tl[i],t[i+1]) A (t[5],t[j+1]) P BERREEE;, EXEHK

pair<double, vector<int>> twoOpt(const Matrix& d, vector<int> tour) {

int n = (int)tour.size() - 1; // BB 2O E LR
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bool improved = true;
while (improved) {
improved = false;
for (int i = 0; i < n - 1; ++i)
for (int j =1 + 1; j < n; ++j) {
int a = tour([i], b = tour[i + 1];
int ¢ = tour[jl, e = tour[j + 1];

double delta = d[allc] + d[bl[e]l - dl[allb]l - dlcllel;
if (delta < -1e-10) {
reverse (tour.begin() + i + 1, tour.begin() + j + 1);

improved = true;
}
}
¥
double len = O;
for (size_t i = 0; 1 + 1 < tour.size(); ++i)

len += d[tour[i]][tour[i + 1]];
return {len, tourl};

}

static Matrix randomEuclidean(int n, mt19937& rng,
vector<pair<double,double>>* ptsOut =
nullptr) {
uniform_real _distribution<double> coord(0, 100);
vector<pair<double,double>> pts;
for (int i = 0; i < n; ++i) pts.push_back({coord(rng), coord(rng)l});
Matrix d(n, vector<double>(n, 0));
for (int i = 0; i < n; ++i)
for (int j = 0; j < n; ++j)
d[i][j] = hypot(pts[i].first - pts[j]l.first,
pts[i].second - pts[j].second);
if (ptsOut) *ptsOut = pts;
return d;

}
static void printTour (const vector<int>& t) {
for (size_t i = 0; i < t.size(); ++i)
cout << t[i] << (i + 1 < t.size() 7 "-" : "\n");

3

int main() {
cout << fixed << setprecision(2);

/) —-—— & 1 FENGF (4 WH) ----
cout << "=== Example 1: 4-city worked example ===\n";

Matrix m4 = {{0, 10, 15, 20},

{10, 0, 35, 25},

{15, 35, 0, 30},

{20, 25, 30, 0}};
auto [opt4, tourd4] = heldKarp(m4);

cout << "Held-Karp optimal = " << opté4d << " (expect 80) tour: ";
printTour (tour4d) ;

auto [nn4, nnTour4] = nearestNeighbor (m4);

cout << "Nearest neighbor = " << nn4 << " tour: ";

printTour (nnTour4) ;
cout << "\n";

// ———— Bl 2w ARLZHE + 2-opt FHE ----
cout << "=== Example 2: NN vs NN+2opt vs optimal (n=12, Euclidean)

Il



NP #EEE LR TSP : HeldKarp BL&i 4D
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148 mt19937 rng(20260724) ;
149 Matrix d12 = randomEuclidean(12, rng);
150 auto t0 = chrono::steady_clock::now();
151 auto [opt, optTour] = heldKarp(dil2);
152 auto tl = chrono::steady_clock::now();
153 auto [nnLen, nnTour] = nearestNeighbor(di2);
154 auto [tolLen, toTour] = twoOpt(d12, nnTour);
155 auto t2 = chrono::steady_clock::now();
156 cout << "optimal (Held-Karp): " << opt << " ("
157 << chrono::duration<double, milli>(t1 - tO0).count() << " ms)\n";
158 cout << '"nearest neighbor : " << nnlLen
159 << " (+" << 100 * (nnLen / opt - 1) << "J above optimal)\n";
160 cout << "NN + 2-opt : " << tolLen
161 << " (+" << 100 * (tolen / opt - 1) << ") above optimal, "
162 << chrono::duration<double, milli>(t2 - t1).count() << " ms)\n";
163 cout << "optimal tour: ";
164 printTour (optTour) ;
165 cout << "2-opt tour : ";

166 printTour (toTour) ;
167 (void) optTour;

168 cout << "\n";

169

170 //o--—- EBl 3 ZEE w (REMRERE) ----

171 cout << "=== Example 3: multi-start nearest neighbor ===\n";

172 double bestNN = 1e18;

173 int bestStart = 0;

174 for (int s = 0; s < 12; ++s) {

175 auto [len, t] = nearestNeighbor(dil2, s);

176 if (len < bestNN) { bestNN = len; bestStart = s; }

177 (void)t;

178 }

179 cout << "best of 12 starts: " << bestNN << " (start=" << bestStart

180 << ", single-start was " << nnLen << ")\n\n";

181

182 /) ———- #Hl 4 RIENE——Held-Karp WIMRIR ----

183 cout << "=== Example 4: the scaling wall ===\n";

184 for (int n : {13, 16, 19}) {

185 Matrix d = randomEuclidean(n, rng);

186 auto sO = chrono::steady_clock::now();

187 auto [o, ot] = heldKarp(d);

188 auto sl = chrono::steady_clock::now();

189 auto [nl, nt] = nearestNeighbor(d);

190 auto [tl, tt] = twoOpt(d, nt);

191 auto s2 = chrono::steady_clock::now();

192 (void)ot; (void)tt;

193 cout << "n=" << n

194 << " | HK " << chrono::duration<double, milli>(s1 -
s0) .count ()

195 << " ms (opt=" << o << ")

196 << " | NN+20pt " << chrono::duration<double, milli>(s2 -
s1).count ()

197 << " ms (len=" << tl << ", gap +"

198 << 100 * (t1l / o - 1) << "J)\n";

199 (void)nl;

200 }

201 cout << "Held-Karp memory: 2°n * n doubles -> n=25 needs ~6.7 GB.
Game over.\n";
202 return O;
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203 }
FERHE 1: tsp.cpp — TSP HEEMRE AR T REE

7 PUTHEREMRTE

=== Example 1: 4-city worked example ===
Held-Karp optimal 80.00 (expect 80) tour: 0-2-3-1-0
Nearest neighbor 80.00 tour: 0-1-3-2-0

=== Example 2: NN vs NN+2opt vs optimal (n=12, Euclidean) ===
optimal (Held-Karp): 301.09 (1.32 ms)

nearest neighbor : 316.19 (+5.01% above optimal)

NN + 2-opt : 301.09 (+0.00% above optimal, 0.00 ms)

=== Example 3: multi-start nearest neighbor ===
best of 12 starts: 311.10 (start=7, single-start was 316.19)

=== Example 4: the scaling wall ===

n=13 | HK 3.70 ms (opt=338.65) | NN+2opt 0.01 ms (len=338.65, gap +0.00%)
n=16 | HK 38.10 ms (opt=335.43) | NN+2opt 0.01 ms (len=335.43, gap +0.00%)
n=19 | HK 407.14 ms (opt=368.26) | NN+2opt 0.06 ms (1en=368.26, gap +0.00%)
Held-Karp memory: 2°n * n doubles -> n=25 needs ~6.7 GB. Game over.

Example 1 AR tour FEMEKR (0-2—3—-1-0 B 0—1-3-2-0)
REERE o Example 4 FIRFE#E MEEUE] NIRSERE - n S +3 > Held Karp B x10 > M
NN+2-opt EFAREBEZFRE - AIH/FHIER : 2-opt E/NEBRREF LEGHRE n LB
% gap BMEEEML 2-5% @ ERMBEEEE X ~ LKH ARFE 13 BROIBEEEX -

F— BB R FEE ]

8 BEXEHN

o MIRER4R 1 UPS BY ORION R4B/ KA 5.5 BIFEEM TSP Bk B —F4 3 EET
SHEE o

o 8% : PCB #7 ~ FE ~ 3D FENIEEHEERIE
o mAAR - REDAEIERFEL -
o RXBRHR  EREEHAER/MEIERIEFF -

o EI2f : Concorde KRS EMEME 85,900 WAERF (7 136 CPU £) —— INP-Hard |
B MFEEFBRAE ] EMEEMNREER -

#E TRhfE T AR R IER ] -

9 HREE

1. FE s M RE (BFIERE) B Held-Karp RAIME (S| = 2,3 MFAAMREE) -

2. #8 2-opt M AY [first improvement | (FXEF|FE—EXZF M) vs IREH [best sweep] @ FLEUL
BIREHRARE o

3. BYE Or-opt (3TELE 1-3 EHTIREIFIER) » BE 2-opt TEBEEEHZD -

4. ¥ n =100 BEMERE ] : NN ~ NN+2opt ~ ZHEEE NN+2opt =FH gap Hist (WAZEE
2-opt RIFEERE) o



NP $EREERT TSP : Held Karp E2fz3iT#B

5. BkBX © B1E MST 5% (BB tour > MST 1#E) » BI5 2-opt MREA TR KIERER -

10 /M
T3k By ] mE i FARF
Held-Karp  O(2"n?) FatE n <22
IR O(n?) ) +10-25% BEMHE - BEWIIRER
NN + 2-opt  O(n?) /% ¥ +2-5%  BREE
Christofides  O(n?) <15x (EE) ZEEm{rE
LKH 5 (MEX) +1% AR AREEFNESE

E{HBESEE © Applegate et al. The Traveling Salesman Problem: A Computational Study (Concorde
BFX) ; Lin & Kernighan (1973) ; Karlin, Klein & Oveis Gharan (2021) ¥T# Christofides 1.5 5}
HIBEMLER X ©
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