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2.1 RAUARE—AIE
B B HEEREREL NES HIEER-

1 while (covered != universe) {

2 pick S maximizing [|S \ coveredl; // TEBERS
3 covered |= S;

4 }

B O(mn) 8% ~ &% n W ; ABETHIE 0% |Si|logm) e

2.2 EPURFE
EHE 2.1 (AL =H, ). UM <H, -OPT > HF H, =145+ - -+2<Inn+1-

BB (BREREE)  RIEBH k= OPT B%4 - EMEFZEER r BLRAKE  SETHREW
®IEBH kK BEEEF  BSEEREEE—EBEEREFEY >r/k B—E2ONREEZ - T
USHmEDHERFIGRE 1/k > r RERR <n(1-1)" <ne "/ e Er=klnn BFHR <1 B0K0-
WELES kElnn + k & © O

EEAHZE TR Dinur & Steurer (2014) FERH - BRIE P=NP » Z A B R A A 7] AE 0 B

(1—¢)lnn FHEEL - hEER——EE—ARNELE EREAETRBIIHETF - EH
B TEORRERE] PRIREIR » £ Set Cover ERERBRE | THRIE B2 2IBR -

2.3 FE&HH : EORFHHERB
U={1,...,14} » ZB&E :

So={1..7} (E¥), S1={8.14} (T%#), S2={1,2,3,4,8,9,10,11} (58, 8 fETR)
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LEERAT AR O(logn) : B UM ERZEM -

3 1ERERE - NEFIRI{I T

m ESEEWER 2" EEE » F bitmask WREREEBE - m <25 AJ17 > BEREEEEREZR | &
BIER Example 4 FHE¥ 200 EE#EHIGTE ONERRIE -

4 STE CH++ R

82 80 (F8H log) ~ LB BREE - BNER ~ B UKFHE - JHPEEL ~ 200 FA
#at o ARRE

g++ -std=c++17 -02 -Wall -Wextra -o set_cover set_cover.cpp

// set_cover.cpp
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s /0 2. fRWER: UTME (F&
6 // 3. BB EEENKAFEE
7| //

s // Comptile: g++ -std=c++17 -02 -Wall -Wextra -o set_cover set_cover.cpp
o (N2 e e e R e e e e e e e e L L L et

10 #include <iostream>

11 #include <vector>

HE/NE)
i

A
=
8

12 #include <algorithm>
13 #include <cmath>

15 using namespace std;

v/ BER =40, 1, ..., n-1}> BEKEEH bitmesk (n <= 30)

Y /) —==—ss=sss 1. %R —-——-—--—---

19 vector<int> setCoverGreedy(int n, const vector<unsigned>& sets, bool

verbose = false) {

20 unsigned universe = (n == 32) ? ~0u : ((lu << n) - 1);

21 unsigned covered = O;

22 vector<int> picked;

23 int round = O0;

24 while (covered != universe) {

25 int best = -1, bestGain = O0;

26 for (int i = 0; i < (int)sets.size(); ++i) {

27 int gain = __builtin_popcount(sets[i] & ~covered);

28 if (gain > bestGain) { bestGain = gain; best = i; }

29 }

30 if (best == -1) break; //
EAT (WmAEEE)

31 covered |= sets[best];

32 picked.push_back(best);

33 if (verbose)

34 cout << " round " << ++round << ": pick S" << best
35 << " (+" << bestGain << " new, covered "

36 << __builtin_popcount (covered) << "/" << n << ")\n";
37 }

38 return picked;

39 | }

10

« ([ 2. WHM: MEFRARAMEE 02 --—--mmmm-

12 vector<int> setCoverExact(int n, const vector<unsigned>& sets) {
13 int m = (int)sets.size();

14 unsigned universe = (n == 32) ? ~0u : ((lu << n) - 1);

15 int best = m + 1;

16 unsigned bestMask = O0;

47 for (unsigned mask = 0; mask < (lu << m); ++mask) {

48 if (__builtin_popcount (mask) >= best) continue;

19 unsigned covered = O0;

50 for (int i = 0; i < m; ++i)

51 if ((mask >> i) & 1) covered |= sets[i];

52 if (covered == universe) {

53 best = __builtin_popcount (mask) ;

54 bestMask = mask;

55 ¥

56 }

57 vector<int> out;

58 for (int i = 0; i < m; ++i)

59 if ((bestMask >> i) & 1) out.push_back(i);

60 return out;

61 F
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63 static unsigned makeSet (const vector<int>& elems) {
64 unsigned s = 0;
65 for (int e : elems) s |= 1lu << e;
66 return s;
67 | }
68
60 static void printPick(const string& tag, const vector<int>& p) {
70 cout << tag << " uses " << p.size() << " sets: {";
71 for (size_t i = 0; i < p.size(); ++i)
72 cout << "S" << p[i] << (i + 1 < p.size() 7 "," : "),
73 cout << "}\n";
7a | }
76 int main() {
77 //o---- EB 1 BRES (BE-RE) ----
78 cout << "=== Example 1: textbook instance ===\n";
79 // 5% {0..11} 6 HE S
80 vector<unsigned> setsl = {
81 makeSet ({0,1,2,3}), // SO
82 makeSet ({4,5,6,7}), // S1
83 makeSet ({8,9,10,11}), // 82
84 makeSet ({0,4,8}), // S3
85 makeSet ({1,5,9}), // 84
86 makeSet ({2,3,6,7,10,113}) // S5
87 };
88 cout << "universe = {0..11}\n";
89 auto gl = setCoverGreedy (12, setsl, true);
90 printPick("greedy", gl);
91 printPick("exact ", setCoverExact (12, setsl));
92 cout << "\n";
93
94 /- B 2 BERKRFHABE -
95 cout << "=== Example 2: instance where greedy loses ===\n";
96 // B {0..13}° 0PT = 2 (S0, S1 & —¥)
97 // BEBARERES S2 8 ) 2B E 2 @ -> A 3 @
98 vector<unsigned> sets2 = {
99 makeSet ({0,1,2,3,4,5,6}), // 80: b
100 makeSet ({7,8,9,10,11,12,13}), // S1: T ¥
101 makeSet ({0,1,2,3,7,8,9,10}), // S2: 8 (8 BTHR > &XK)
102 i

103
104
105

106

107
108
109
110

111

auto g2 = setCoverGreedy (14, sets2, true);
printPick("greedy", g2);
printPick("exact ", setCoverExact (14, sets2));
cout << "greedy/OPT = " << (double)g2.size() / 2 << " (bound:
In(14)+1 = "
<< log(14.0) + 1 << ")\n\n";

/== BB 3 HB B -
cout << "=== Example 3: fire station placement ===\n";
/7 10 BHE > 5 ERZEWRLE SBARENEHRE
vector<unsigned> stations = {

makeSet ({0,1,2}), /7 I o

makeSet ({2,3,4,5}), // ¥h 1

makeSet ({5,6,73}), // ¥ 2

makeSet ({7,8,93}), // i 3

makeSet ({1,3,6,8}) // dh 4
};

cout << "10 blocks, 5 candidate stations\n";
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auto g3 = setCoverGreedy (10, stations, true);
printPick("greedy", g3);
printPick("exact ", setCoverExact (10, stations));

cout << "\n";

/- BBl 4 BRANRE —HEXEEN -
cout << "=== Example 4: greedy vs OPT over random instances
unsigned seed = 555;

auto nextRand = [&seed] () {
seed = seed * 1103515245 + 12345;
return (seed >> 16) & Ox7fff;
};
int n = 16, m = 12, trials = 200;
double worstRatio = 1.0;
int greedyWins = 0, ties = O0;
for (int t = 0; t < trials; ++t) {
vector<unsigned> ss;
unsigned covered = O;
for (int i = 0; i < m; ++i) {
unsigned s = 0;
for (int e = 0; e < n; ++e)
if (nextRand() % 100 < 30) s |= 1lu << e;
ss.push_back(s);
covered |= s;
}
if (covered != (lu << n) - 1) { --t; continue; } //
B REAUEBEE
auto g = setCoverGreedy(n, ss);
auto e = setCoverExact(n, ss);
double r = (double)g.size() / e.size();
worstRatio = max(worstRatio, r);
if (g.size() == e.size()) ++ties;

else ++greedyWins; /B

greedy B =
}

i
i

\

cout << trials << " random instances (n=16, m=12, p=0.3) :\n";

cout << "greedy == 0OPT: " << ties << " times, greedy > 0PT:
<< greedyWins << " times\n";

cout << "worst greedy/OPT ratio observed = " << worstRatio
<< " (theory bound: 1n(16)+1 = " << log(16.0) + 1 <<

return O;

FEILHE 1: set_cover.cpp — ERBER L HEHBTEEE

PUTH R EAREE

== Example 2: instance where greedy loses ===
round 1: pick S2 (+8 new, covered 8/14)
round 2: pick SO (+3 new, covered 11/14)
round 3: pick S1 (+3 new, covered 14/14)

greedy uses 3 sets: {S2,S50,S1}

exact uses 2 sets: {S0,S1}

greedy/0PT = 1.5 (bound: 1n(14)+1 = 3.64)

=== Example 3: fire station placement ===
10 blocks, 5 candidate stations
round 1: pick S1 (+4 new, covered 4/10)
round 2: pick S3 (+3 new, covered 7/10)

Il)\nll;
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round 3: pick SO (+2 new, covered 9/10)
round 4: pick 82 (+1 new, covered 10/10)
greedy uses 4 sets: {S1,S3,S50,S2}
exact uses 4 sets: {S0,S1,S82,S3}

=== Example 4: greedy vs OPT over random instances ===

200 random instances (n=16, m=12, p=0.3):

greedy == O0PT: 151 times, greedy > OPT: 49 times

worst greedy/OPT ratio observed = 1.5 (theory bound: 1ln(16)+1 = 3.77)
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