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Mapping Reductions

e Mapping Reduction

o A mapping reduction from a problem X to a problem B is a

computable function f : 3* — ¥* such that

weE A < f(w) € B

A <,, B means A is (mapping) reducible to B




Mapping Reductions

Theorem If A <,,, B and B is decidable, then A is also decidable.

Proof:

Step 1) Suppose that:

i A<, B, and (i) B isdecidable




Mapping Reductions

Step 2) From (i) there is some computable function f such that

weEA <+— f(w)eB

Step 3) From (ii) there is some sound, complete, and terminating machine Mg
such that

u€eEB <= Mg(u)=1




Mapping Reductions

Step 4) Hence, we can construct a sound, complete, and terminating algorithm for A

Ma(w) = Mg (f(w))

it follows that

weA <+ fweB <+= Mp(f(w) =1 <= Ma(w)=1

Q.E.D.



The Accepting Problem



Mapping Reductions

Theorem The Accepting Problem Ar,, is Undecidable.

Proof:

Step 1) Since HALT 1 is undecidable, it is sufficient to show that

HALTrrs <in ATg




Mapping Reductions

Theorem The Accepting Problem Ar,, is Undecidable.

Proof:

Step 1) Since HALT 1 is undecidable, it is sufficient to show that

u € HALT s < f(u) € Arpm

(for some computable function f : X* — X*)



Mapping Reductions

Theorem The Accepting Problem Ar,, is Undecidable.

Proof:

Step 1) Since HALT 1 is undecidable, it is sufficient to show that

(code(M), w) € HALT s — f ({code(M),w)) € Arnm

(for some computable function f : ¥* — 3¥)



Mapping Reductions

Theorem The Accepting Problem Ar,, is Undecidable.

Proof:

Step 1) Since HALT 1 is undecidable, it is sufficient to show that

(code(M),w) € HALT s <~ (code(M"),w’) € At




Mapping Reductions

Step 2) Given any input machine M, we construct a new machine M’ as follows:
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M(w) =1 <= Mw)=1 OR M(w) = 0




Mapping Reductions

Step 3) Hence we have that

(code(M),w) € HALT7p, <= (code(M’),w) € Arn

e Hence, our computable function for our reduction is given by

f ({code(M),w)) = (code(M’),w)

Q.E.D.



Mapping Reductions

Step 3) Hence we have that

(code(M),w) € HALT7p, <= (code(M’),w) € Arn

e Hence, our computable function for our reduction is given by

flu) =

(code(M’), w) if u = (code(M),w)
€ otherwise

Q.E.D.



The non-Emptiness Problem



Mapping Reductions

The Emptiness Problem E+
Input) An encoding of a Machine code(M),

Output) True if and only if Language (M) = 0.

Erns = {code(M) : Language (M) =0}




Mapping Reductions

The non-Emptiness Problem Erj,
Input) An encoding of a Machine code(M),

Output) True if and only if Language (M) # 0.

Erne =

{code(M) : Language (M) # 0 }




Mapping Reductions

Theorem The non-Emptiness Problem Erp, is Undecidable.

Proof:

Step 1) Since Aty is undecidable, it is sufficient to show that

Arne <m Ernm




Mapping Reductions

Theorem The non-Emptiness Problem Erp, is Undecidable.

Proof:

Step 1) Since Aty is undecidable, it is sufficient to show that

u € Arpg <~ f(u) € Erpg

(for some computable function f : X* — X*)



Mapping Reductions

Theorem The non-Emptiness Problem Erp, is Undecidable.

Proof:

Step 1) Since Aty is undecidable, it is sufficient to show that

(code(M), w) € Arng <= f ({code(M),w)) € Ernm

(for some computable function f : X* — X*)



Mapping Reductions

Step 2) Given any input machine M and input word w, we construct a

new machine M,, as follows:

f A

[=]




Mapping Reductions

Step 2) Given any input machine M and input word w, we construct a

new machine M,, as follows:
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Step 2) Given any input machine M and input word w, we construct a
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{ 3\

Delete u
and
E >| replace M @
with w

=




Mapping Reductions

Step 2) Given any input machine M and input word w, we construct a

new machine M,, as follows:

f A
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Mapping Reductions

Step 2) Given any input machine M and input word w, we construct a

new machine M,, as follows:
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Mapping Reductions

Step 2) Given any input machine M and input word w, we construct a

new machine M,, as follows:
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Mapping Reductions

Step 2) Given any input machine M and input word w, we construct a

new machine M,, as follows:
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Language (M,) #0 < M(w) = 1




Mapping Reductions

Step 3) Hence we have that

(code(M),w) € Arpy <=  code(M,,) € Erp

e Hence, our computable function for our reduction is given by

f ({code(M),w)) = code(M,,)

Q.E.D.



Mapping Reductions

Step 3) Hence we have that

(code(M),w) € Arpy <=  code(M,,) € Erp

e Hence, our computable function for our reduction is given by

f(u) =

code(M,,) ifu = (code(M),w)
€ otherwise

Q.E.D.
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Mapping Reductions

Theorem

If A <,, B and A isundecidable, then B is undecidable.
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