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Deterministic Finite Automata
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• Alphabet A finite set of symbols. Σ =
{
a0, a1, . . . , ak

}

• Words / Strings Σ∗ =
{

all finite strings from Σ
}

The set of all finite strings comprised of letters from the alphabet Σ.

• The empty string ε ∈ Σ∗
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• Alphabet / Words / Languages

• Alphabet A finite set of symbols. Σ =
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Languages

• Alphabet / Words / Languages

• Languages L ⊆ Σ∗

Any subset (finite of infinite) of words is consider a language.

• The empty language ∅ ⊆ Σ∗

• All English words

• All binary strings representing prime numbers etc.
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Deterministic Finite Automata (DFAs)

• Deterministic Finite Automata A = 〈 Σ, Q, qinit, F, δ 〉

• Alphabet Σ =
{
a1, . . . , ak

}

• Finite set of control states Q =
{
q1, . . . , qn

}

• Initial state qinit ∈ Q

• Final (accepting) states F ⊆ Q
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Deterministic Finite Automata (DFAs)

• Deterministic Finite Automata A = 〈 Σ, Q, qinit, F, δ 〉

• Transition function δ : Q× Σ→ Q

Current State Read Symbol New State
q0 0 q0
q0 1 q1
q1 0 q2
q1 1 q0
q2 0 q1
q2 1 q2



Deterministic Finite Automata (DFAs)

• Configuration A complete description of the machine at any given time

(
current state, substring to the right of tape head

)

• Computation The sequence of configurations obtained by running the DFA

• Example:

(q0, 1001) → (q1, 001) → (q2, 01) → (q1, 1) → (q0, ε)
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Deterministic Finite Automata (DFAs)

• Accept Criterion

A accepts w ⇐⇒
The final state of the (unique) computation

starting (qinit, w) is an accepting state
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Deterministic Finite Automata (DFAs)

• Decision Procedure

A

reject accept

1111 3
10001 7

1001 3
111 711100 7

110 3
11 311111 7101 7
0 3 10010 3

Language (A) =
{
w ∈ Σ∗ : A accepts w

}
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Non-deterministic Finite Automata (NFAs)

• Non-deterministic Finite Automata A = 〈 Σ, Q, qinit, F, δ 〉

• Alphabet Σ =
{
a1, . . . , ak

}

• Finite set of control states Q =
{
q1, . . . , qn

}

• Initial state qinit ∈ Q

• Final (accepting) states F ⊆ Q

}
A

s
b

e
fo

re
!



Non-deterministic Finite Automata (NFAs)

• Non-deterministic Finite Automata A = 〈 Σ, Q, qinit, F, δ 〉

• Transition function δ : Q× Σ→ P (Q)

(where P (Q) denotes the powerset of Q)

δ
(

current state , read symbol
)
7→

{
all possible new states

}



Non-deterministic Finite Automata (NFAs)

• Non-deterministic Finite Automata A = 〈 Σ, Q, qinit, F, δ 〉

• Transition function δ : Q× Σ→ P (Q)

Current State Read Symbol New State
s a

{
q
}

s b
{
q, f

}
q a

{
f
}

q b ∅
f a

{
f
}

f b
{
s, f

}



Non-deterministic Finite Automata (NFAs)

• Non-deterministic Finite Automata A = 〈 Σ, Q, qinit, F, δ 〉

• Transition function δ : Q× (Σ ∪ {ε})→ P (Q)

Current State Read Symbol New State
s a

{
q
}

s b
{
q, f

}
q a

{
f
}

q b ∅
f a

{
f
}

f b
{
s, f

}
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Non-deterministic Finite Automata (NFAs)

• Computation

(s, b)

(s, aaabbb)

(s, ε)

(q, aabbb)

(f, abbb)

(f, bbb)

(q, ε)(f, ε)

(q, b) (f, b)

(s, bb) (f, bb)



Non-deterministic Finite Automata (NFAs)

• Accept Criterion for NFAs

A accepts w ⇐⇒ The final state of the ANY computation
starting (qinit, w) is an accepting state



Non-deterministic Finite Automata (NFAs)

Theorem Every NFA can be converted to a DFA that accepts the

same language.

Proof:

• Recall the power-set construction from FC1.

Q.E.D.
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Regular Expressions and Regular Languages

• Regular Expression Any word that can be constructed using only the

following rules:

• Concatenation wv

• Alternation / Choice (w ∪ v)

• Kleene Star w∗

• Regular Language Any set of words that can be ‘represented’

by a regular expression.
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• Some Examples:

• All binary strings that start with a one and end with a zero,

1(1 ∪ 0)∗0

• All strings of even length containing only 2 and 3,

(
(2 ∪ 3)(2 ∪ 3)

)∗
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Regular Expressions and Regular Languages

• Some Examples:

• Less Obviously: All binary strings representing multiples of three,

(
0 ∪ 1(01∗0)∗1

)∗



Regular Expressions and Regular Languages

Regular Recognised by

some DFA/NFA⇒
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Regular Expressions and Regular Languages

Regular Recognised by

some DFA/NFA⇔

Are all languages regular?
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