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Method of Substitution
i.e. Proof by Induction
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Proof by Induction

Proof by Induction

Base Case) Show that your solution holds forn = 1,

Inductive Case) (i) Assume your result holds for n = k,

(ii) Substitute to confirm that it also holds forn = (k + 1).
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Proof by Induction

Theorem Let T'(n) be a recursion relation defined by

T() = 1, T(n) = 2T (n—1) — 1

foralln > 1. Show that T'(n) = 2™ — 1, foralln > 1
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Proof by Induction
Proof:

Base Case)  First show that T'(n) = 2™ — 1 forn = 1.

Left-hand-side
T(1) =1

Right-hand-side
21 1 =1
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Proof by Induction

Inductive Case) Assume that

(LH) T(k) =2—1 forsomek > 1

We then have that forn = (k + 1)
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T(n) = 2T (n—1)+1

Tk+1) = 27T (k) + 1
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Proof by Induction

T(k+1) = 2T (k)+1
= 2(2=1)+1
= (2-2¢~2)+1

= (2k+‘—2)+1

= oM
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Proof by Induction

Theorem Let T'(n) be a recursion relation defined by

T() = 2, T(n) = Tn—-1)+n
n2+n
foralln > 1. Show that T'(n) = — foralln > 1
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Proof by Induction

Proof:

2
forn = 1.

Base Case)  First show that T(n) = —

Left-hand-side
T) =1

Right-hand-side
1241

=1
2
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Proof by Induction

Inductive Case) Assume that

(LH) T(k) =

K+ k

forsome k > 1

We then have that forn = (k + 1)
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Proof by Induction

Tk+1) = Tk)+(k+1)
= (@) + (k+1)
— (k?—k) + (2(k2+1))

(k2+k L 2k+2)
2

( k:2+3k+2)
2

(k-‘r])z;-(k-i-])

Q.E.D.
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Strong Induction
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Proof by Strong Induction

Proof by Strong Induction

Base Case) Show that your solution holds forn = 1,

Inductive Case) (i) Assume your result holds for all m < k,

(ii) Substitute to confirm that it also holds forn = (k + 1).
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Proof by Strong Induction

Theorem Let T'(n) be a recursion relation defined by

T() = 1, T(n) = 2T<[%D +n

forallmn > 1. Show that T'(n) > nlogyn, foralln > 1

S5CCS2FC2 Foundations of Computing |l C.Hampson, King’'s College London = = = = 14/22



Proof by Strong Induction

Proof:

Base Case)  First show that T'(n) > nlog, n forn = 1.

Left-hand-side
T(1) =1
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Right-hand-side
1.1logy(1) = 0
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Proof by Strong Induction

Inductive Case) Assume that

(LH) T(m) > mlog, m forallm < k forsome k > 1

We then have that forn = (k 4+ 1)
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Proof by Strong Induction

T(k+1) = 27 ([*])+®&+1)
> 2 ([4]) 1or: ([££]) + 6+ D)
> 2 (4 )10, (B) + (k+ 1)
= (k+1)[logo(k +1) = 1] + (b + 1)

= (k+1)logy(k+ 1)

Q.E.D.
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Proof by Strong Induction

Theorem Let F(n) denote the nth Fibonacci Number given by
FO) = 0, F() =1, F(n) = Fln—1)+ F(n —2)
forallm > 1. Show that

@n_()bn

F(n) = 75

forallm > 0, where ® = 4% and ¢ = =5 are the Golden Ratios.

5CCS2FC2 Foundations of Computing |l C.Hampson, King’'s College London = = = = 18/22



Proof by Strong Induction
Proof:

Base Case) First show that the formula holds for n = 0.

Left-hand-side
FO) =0

Right-hand-side
(I,O _ ¢O

7E 0
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Proof by Strong Induction

Proof:

Base Case) We must also show that the formula holds for n = 1.

Left-hand-side
F() =1
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Proof by Strong Induction

Inductive Case) Assume that

(LH) F(m) =

(I>m_¢m

V5

forallm < k forsome k > 1

We then have that forn = (k + 1)
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Proof by Strong Induction

F(k+1)

F(k) + F(k—1)

<q>k\;5¢k) + (q,k—]\;sqsk—])

Bk _gk 4 gh—1_gk—]
(== %)

(@) @*7D — (¢p41) gD
V5

@) 2*7D — (¢?) p*TD
V5

(k+1) _ p(k+1)
V5
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End of Slides!
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