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The Master Theorem

Theorem (The Master Theorem) Let T (n) be a monotonically

increasing recurrence relation such that

T (n) = a T

(
n

b

)
+ f(n)

for some constants a ≥ 1, b ≥ 2. Then

T (n) =


Θ
(
nk
)

if f(n) ∈ O(nk−ε)

Θ
(
nk log2 n

)
if f(n) ∈ Θ(nk)

Θ
(
f(n)

)
if f(n) ∈ Ω(nk+ε) (†)

for some ε > 0, where k = logb a.
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The Master Theorem

Θ
(
nk
)

Θ (f(n))

Case 1

T (n) = Θ
(
nk
)
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The Master Theorem

Θ
(
nk
)

Θ (f(n))

Case 2

T (n) = Θ
(
nk log2 n

)
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The Master Theorem

Θ
(
nk
)

Θ (f(n))

Case 3

T (n) = Θ (f(n))
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The Master Theorem : Some Examples

Theorem Let T (n) be a recurrence relation defined by

T (1) = 1, T (n) = 9 T

(⌊
n

3

⌋)
+
√

(n + 1)5

for all n > 1. Calculate the growth rate of T (n).
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The Master Theorem : Some Examples

Proof:

Step 1) Identify the parameters:

a = 9, b = 3, therefore k = log3(9) = 2

Step 2) Identify the growth rate of f(n):

f(n) =
√

(n + 1)5 ∈ Θ
(
n2.5)
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The Master Theorem : Some Examples

Step 3) Identify the case:
Θ
(
n2
)

Θ
(
n2.5

)

Case 3

T (n) = Θ
(
n2.5

)
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The Master Theorem : Some Examples

Theorem Let T (n) be a recurrence relation defined by

T (1) = 1, T (n) = 2 T

(⌈
n

2

⌉)
+ n

for all n > 1. Calculate the growth rate of T (n).
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The Master Theorem : Some Examples

Proof:

Step 1) Identify the parameters:

a = 2, b = 2, therefore k = log2(2) = 1

Step 2) Identify the growth rate of f(n):

f(n) = n ∈ Θ
(
n1)
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The Master Theorem : Some Examples

Step 3) Identify the case:
Θ
(
n1
)

Θ
(
n1
)

Case 2

T (n) = Θ (n log2(n))
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The Master Theorem : Some Examples

Theorem Let T (n) be a recurrence relation defined by

T (1) = 1, T (n) = 2 T

(⌊
n

3

⌋)
+ log2

(
5n2)

for all n > 1. Calculate the growth rate of T (n).

5CCS2FC2 Foundations of Computing II C.Hampson, King’s College London 11 / 14



The Master Theorem : Some Examples

Proof:

Step 1) Identify the parameters:

a = 2, b = 3, therefore k = log3(2) ≈ 1.5849

Step 2) Identify the growth rate of f(n):

f(n) = log2(5n2) ∈ Θ
(
log2 n

)
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The Master Theorem : Some Examples

Step 3) Identify the case:
Θ
(
nlog3(2)

)
Θ (log2(n))

Case 1

T (n) = Θ
(
nlog3(2)

)
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End of Slides!
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