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The Simplex Method
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The Simplex Method

e Dantzig’s Simplex Method
o Proposed in 1946-47 by G.Dantig following his work

on operations research for the US Air Force during WWII

o Named after a type of n-dimensional polygon

called a Simplex, due to the shape of the feasible region

o Dantzig is widely cited as the inspiration for Matt Damon’s

character, Will, in the fim Good Will Hunting
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The Simplex Method

e Slack Variables

o We can infroduce a slack variable for each constraint, turning each inequality

info an equation called the slacl form

Je+2y < 15 3x +2y+s1 =
2y —x < i 2y —x+ s, =
x+2y < 7 x+2y+s3 =
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The Simplex Method
e Slack Variables

e For every choice of the independent variables  and y, we can caluclate the

value of the dependent slack variables s, ss, s3.

s1 = 15—3zxz—2y
s = b54x—2y
s3 = 71T—x—2y
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The Simplex Method
e Slack Variables

e For every choice of the independent variables  and y, we can calculate the

value of the dependent slack variables s, ss, s3.

2 = 15-23(3) —2(2)
5+ (3) —2(2)
0 = 7-(3)—2(2
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The Simplex Method
e The Cost Variable

o We can treat the objective function as an equation for some new

dependent variable C called the cost equation

C = 2x + 3y
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Introducing Tableaux
o Tableaux
o ATableau (plural Tableaux) is a matrix representation of a system of

linear equations:

Linear Constraints
3z+2y+s; = 15 3w + 2y + 18, — 15
—x+2y+s, = 5
:12+2y+33 = 7 —1a:+2y +]S2 = 5
Tz + 2y + 1s3 =7
2x + -3 +1C= 0
Cost Equation . r Y -

C =2z + 3y
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The Simplex Method

e The Simplex Method

Construct the from the slack form of the

linear program, together with the equation for the cost C.

Yy S1 S2 S3 C
[ 3 2 1 0 0o o0i15]
1 2 0 1 0 015
1 2 0 0 1 0:7
"2 3 0o 0 o0 1io0




The Simplex Method

e The Simplex Method

Step 2) Identify the column with the most negative coefficient in the

final row, corresponding to the objective function.

_ Yy S1 S2 83 C _
3 1 0 0 0 : 15
‘pivot’ i
column -1 0 1 0 0 E 5
0 o -
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The Simplex Method

e The Simplex Method (cont.)

Step 3) Calculate the row quotients by dividing each of the entries

in the final column by the entries in the pivot column

vy S1 So S3 C
s 2 1 0o o o
9 2 0o 1 0 o0
1 2 0 0 1 o0
B I T O R
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The Simplex Method

e The Simplex Method (cont.)

Step 4) Identify the row with the smallest row quotient where

both the numerator and denominator are positive
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x Yy 81 So S3 C
3 2 1 0 0 o0 15 |
2 0 1 0 0 i B>
1 2 0 0 1 07
B I T Y O R
e

‘pivot’

row
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The Simplex Method

e The Simplex Method (cont.)

Step 5) The ‘pivot’ value is the value in the *pivot” column and in the “pivot” row.

T Y S1 S2 S3 C _
2 ] 0 0 0 : 15
‘pivot q @ o 1 0 0i5
value :
1 2 0 0 ] 0 : 7
2 3 0 0 0 1 0

5CCS2FC2 Foundations of Computing Il C.Hampson, King's College London = = - = 13 /24



The Simplex Method

e The Simplex Method (cont.)
Step 5) Apply the following row fransformation

e Pivot row

1
current pivot value

Rpivot <~ ( ) X Rpivot

e All non-pivot rows

current R; value
current pivot value

R, «— R; — ( ) X Rpivot
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The Simplex Method

e The Simplex Method (cont.)

Step 5) Applying these row transformation gives

T Yy

i 4 0
-0.5 1
2 0
35 0

S2 S3
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Round 1

2

Ry <+ Ry — ERQ

Ry, <+ lR

2 2 2

2

R3; <+ (R3 == ERQ)
3

Ry, <+ Ry — ERQ

& = =
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The Simplex Method

e The Simplex Method (cont.) Round 2

Ry <+ (R] = *Ra)

R2 = (Rg—#R;;)

Step 6) Repeat until you run out of valid pivot columns

oz Yy S1 S2 S3 C . _
0o 0 1 1 2 06 Ry, « %Rg
0O 1 0 025025 0 : 3 ~
Ry, <+ (RA— 2.5R3>
1 0 0 05 05 0} 1
0 0 0 025175 1 i1
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The Simplex Method

e The Simplex Method (cont.) Round 3
1
Step 6) Repeat until you run out of valid pivot columns B« 38
Ry <+ (Rz—ﬁ]ﬁ)
_ T Yy S1 So S3 C ) _

o o0 1 1 2 036 Ry « (Rg— ‘?'5111)
0 1 025 0 075 0 15 _

Ry, <+ (R4 = 02.25R1)
1 0 0.5 0 05 O 4
0 0 025 0 225 1 12.5
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The Simplex Method

e The Simplex Method (cont.) Optimal Solution
Step 7) Read off the optimal solution ro= -
y = —
x Yy S1 S2 S3 C o = 0
— — o = —
s3 = 0
CcC = 125

025s; + 225s3+C =125
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The Simplex Method

e The Simplex Method (cont.) Optimal Solution

Step 7) Read off the optimal solution @ = 4

y = —
oz Yy S1 S2 S3 C o = 0

— o = —
s3 = 0

CcC = 125
& = 0.581 =F ‘0.583 = 4
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The Simplex Method

e The Simplex Method (cont.) Optimal Solution

Step 7) Read off the optimal solution @ = 4

y = 1.5
x Yy S1 S2 S3 C =0

— = o = —
s3 = 0

Y+-025s; + 0.75s3 = |$
CcC = 125
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The Simplex Method

e The Simplex Method (cont.)

Step 7) Read off the optimal solution

Optimal Solution

T Y S1 S2 S3 C
S1 + S2 +-2s3 = 6
5CCS2FC2 Foundations of Computing Il C.Hampson, King's College London

r = 4

y = 15
s7 = 0
sy, = 6

s3 = 0

C = 125
S =B
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The Simplex Method

Simplex Method exponential.

Theorem (Klee-Minty ’72) The worst-case termination time for the

Maximise:  2"axg 4+ 2"z 4 -+ - + 2@ 1 + T
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Subject to: z < 5
dzg+a7 <25
8zg + 4wy +x3 < 125
27 Hlmg + 27 + oo+ Amy g Fn < 57
TQy T1yeees®n > O
o &
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The Simplex Method

Theorem (Khachiyan ’79)  Linear Programming is solvable
in Polynomial Time.
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End of Slides!
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